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Abstract

Stanley’s Tree Isomorphism Conjecture posits that the chromatic symmetric
function can distinguish non-isomorphic trees. This conjecture is already estab-
lished for caterpillars and other subclasses of trees. We prove the conjecture’s
validity for a new class of trees that generalize proper caterpillars, thus confirming
the conjecture for a broader class of trees.
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1 Introduction

The chromatic symmetric function, introduced by R. Stanley [13], generalizes the chro-
matic polynomial of a graph to a symmetric function and is widely studied as it determines
generating functions of various graph statistics. This raises the question: Does the chro-
matic symmetric function distinguish all graphs up to isomorphism? Unfortunately, the
answer is negative. Stanley presented two non-isomorphic graphs (both containing cycles)
that share the same chromatic symmetric function. However, the question remains open
for trees and is conjectured to be true, famously known as Stanley’s Tree Isomorphism
Conjecture. Substantial progress has been made in confirming the conjecture for various
subclasses of trees. Martin et al. [10] proved its validity for specific classes of caterpil-
lars, spiders, and certain unicyclic graphs. Additionally, Aliste-Prieto and Zamora 2]
showed that the conjecture holds for proper caterpillars, while Loebl and Sereni [9] ex-
tended this result to all caterpillars. To explore additional examples of graphs that can
be distinguished based on their chromatic symmetric function, refer to [1, 6, 7, 8, 14, 15].

Let Q and P denote the rational numbers and positive integers, respectively. In this
paper, we consider the following generalization of proper caterpillars.

Definition 1 (proper g-caterpillars). Let ¢ > 1 be fized. A proper q-caterpillar T is
constructed as follows: We begin with a path S = (vy,...,v,) (with endpoints v, and
ve) called the spine, with ¢ > 0. For every 1 < i < {, we glue (endpoint of the path
identified with a vertex on the spine) p; additional paths of length exactly q to the vertices
v, respectively, where p; € P.



In this context, proper 1-caterpillars have been distinguished by their chromatic sym-
metric functions up to isomorphism [2]. We show that for all ¢ > 1, the chromatic
symmetric function of a tree determines whether the tree is a proper g-caterpillar or not.
(See Proposition 2.1.) Further, we prove that for all ¢ > 2, proper g-caterpillars are
distinguished by their chromatic symmetric functions.

Theorem 1.1. For q > 2, the chromatic symmetric function distinguishes isomorphism
classes of proper q-caterpillars.

The proof uses ideas involved in [2], that is, associating proper g-caterpillars with the
integer compositions, and the interrelations of the chromatic symmetric function, U-
polynomial and £-polynomial. The U-polynomial, introduced by Noble and Welsh [11],
is a Tutte-Grothendieck invariant equivalent to the chromatic symmetric function when
restricted to trees; that is, one can be obtained from the other by certain change of
variables. Consequently, Stanley’s Tree Isomorphism Conjecture is equivalent to distin-
guishing trees by their U-polynomial.

We obtain a characterization of proper g-caterpillars that only involves invariants de-
termined by the chromatic symmetric function in Proposition 2.1. Lemma 2.5 relates
the U-polynomial of the proper g-caterpillars with the L-polynomial of the correspond-
ing integer composition. Further, we exhibit the irreducible factorization of the inte-
ger composition corresponding to a proper g-caterpillar. (See Lemma 2.6.) Finally, we
combine these ideas to prove Theorem 1.1. Note that for ¢ > 2, every integer com-
position (p1,ps,...,pe) with each component being positive corresponds to a unique
proper g-caterpillar with p; many paths of length ¢ incident on the vertex v; of the spine
(v1,v9,...,v). Therefore, Theorem 1.1 asserts that for each such integer composition,
there are infinitely many trees (one for each ¢ > 2) that can be distinguished by their
chromatic symmetric function, thereby attaining a significant improvement in the pool
of trees that are known to satisfy Stanley’s Tree Isomorphism Conjecture.

The rest of the paper is organized as follows. In Section 1.1, we include fundamental
graph notions including the chromatic symmetric function and U-polynomial. In Section
2.1, we present the proof of Proposition 2.1. The factorization of integer compositions is
discussed in Section 2.2. We prove Lemma 2.5 in Section 2.3. This, combined with the
factorization in Section 2.2, leads to the proof of Theorem 1.1.

1.1 Preliminaries

Let G = (V, E) be a simple graph with the set of vertices V' and the set of edges E.
A P-coloring of a graph G is a function f: V — P, and such a coloring is said to be
proper if, for every edge uv € E, the colors f(u) and f(v) are distinct. The content of a
coloring f is the P-tuple (|f~ ()|, |f~*2)[,|f~*(3)|,...), denoted by c(f), that encodes
the cardinality of the color classes of f. Throughout this paper, whenever we consider a
P-tuple, we assume that all but finitely many of its components are zero. In what follows,
we adopt the graph notions and terminology in accordance with [4].

Let x = (x1,2,...) be a collection of commutative indeterminates. For a P-tuple
a, let x* be the monomial having the i*® component of o as the exponent of z;. A
symmetric function is a formal power series in indeterminates x that is invariant under
all permutations of x. Let Symp(x) denote the collection of symmetric functions with



coefficients over ring R. We refer the reader to [12] for detailed exposition to the theory
of symmetric functions. We now define the chromatic symmetric function introduced by
Stanley [13].

The chromatic symmetric function of a graph G = (V| E) is defined as

Xg= Y xUV. (1.1)
V=P
proper

The above function is indeed symmetric in x since a permutation of the colors does
not affect the properness of colorings. Moreover, the chromatic symmetric function Xq
is homogeneous in x with degree |V|.

The coefficients arising in the expansion of the chromatic symmetric function in var-
ious bases of the Symg(x) encodes numerous combinatorics of the graph. We are par-
ticularly interested in the expansion with respect to the power sum symmetric function
basis.

For k € P, the power sum symmetric function of degree k is defined as

Pi(x) = fo
icP

An integer partition of a positive integer n is a weakly decreasing sequence of positive
integers whose sum is n. The notation A F n indicates that A is an integer partition of
n. For any partition A = Ay Ay -+ \; F n, the power sum symmetric function

k
Da(x) = Hp’\i (x),

and the collection {p,}, ,, forms a Q-basis of Symg(x).

Given a graph G = (V, E) and a subset F' C FE, let G[F| denote the subgraph of G
with vertex set V and edge set F'. We call the subgraph G[F| = (V, F') as the spanning
subgraph of G. Let A\[F] be the partition of |V| formed by the orders of the connected
components of the spanning subgraph G[F].

Theorem 1.2 ([13, Theorem 2.5]). For a graph G, the expansion of the chromatic sym-
metric function in the power sum symmetric function basis is

Xe = Z (_1)|F|p)\[F] (x). (1.2)

The U-polynomial defined by Noble and Welsh [11] establishes a strong connection
with the chromatic symmetric function due to the expansion (1.2). For a partition A =
A1 Ag - A o, let x) denote the monomial zy, 2y, - - - 2,

Definition 2. Given a graph G = (V, E), the U-polynomial of the graph is defined as

FCE

where K(F') is the number of connected components in the spanning subgraph G[F], or
equivalently the length of partition A[F)].
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Figure 1: Example of a proper g-caterpillar with spine of order 5, trunk of order 4 and
the multiset of twigs is {q,q,...,q,¢+1}.
——

8 times

Any spanning subgraph T[F] of a tree T = (V, E) must have |V| — |F| connected
components, leading to |F| — |V| 4+ k(F) = 0 for all F' C E. Therefore, for any tree T,
we have

()M Uz (=p1(x), =pa(x), =ps(x), - 59) = (=D Y (1) Fpy (%) = X (1.3)

FCE

This implies that the two graph invariants are equivalent when restricted to trees, that
is, two trees have the same chromatic symmetric function if and only if they have the
same U-polynomial.

2 Proper g-Caterpillars

We prove Theorem 1.1 in this section. We begin by characterizing proper g-caterpillars
in terms of certain statistics that can be identified through the chromatic symmetric
function. This allows us to distinguish proper g-caterpillars from other types of trees.

2.1 Characterization of proper g-caterpillars

Given a tree T' = (V, E), the trunk T° of T is the smallest subtree containing all vertices
of degree at least three. For each pendant vertex u of T, there exists a unique path
starting at v and ending at some vertex in the trunk such that all internal vertices of the
path have degree two. Each such path is called a twig, and let TwiG(T') be the multiset
representing the lengths of twigs in T'. Evidently, every tree containing a vertex of degree
at least three can be decomposed into the trunk 7° and some twigs. Crew proved that the
order of 7°, and the multiset TWIG(7T) can be determined by the chromatic symmetric
function [6].

It is clear that a path T is a proper g¢-caterpillar if and only if its order is either
q+ 1,2¢ + 1 or 2q + 2. For proper g-caterpillars that are not paths, we characterize
the proper g-caterpillars using tree-invariants such as, order of the tree, degree sequence,
multiset of twigs and the diameter of the tree. The recovery of these invariants from the
chromatic symmetric function of trees is detailed in [5, 6, 10].

Proposition 2.1. Let ¢ > 1 be fized and T = (V, E) be a tree that is not a path. Then
T is a proper q-caterpillar if and only if it satisfies the following:
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(1) |T°| = |V| — 01 — 92 where §; is the number of vertices of degree i in T.

(1) TWIG(T) only contains integers q and g+1, with my,y < 2 where myyy is the
multiplicity of g+1 in TWIG(T).

(iii) diam(T) = (|T°| = 1) + 2q + mg41.

Proof. (=) It is clear that every proper g-caterpillar that is not a path satisfies the above
three conditions.

(<) A tree satisfying |T°| = 1 and (éi) is indeed a proper g-caterpillar. Thus we may
assume that |7°| > 2. Note that diam(7) < 2¢ + diam(7°) + m,41 along with (¢i7)
implies that (|7°] — 1) < diam(7°), and hence 7° is a path, say (w;,ws, ..., wy) (with
endpoints w; and wy). From (i), it follows that T° consists only of vertices of degree at
least 3, owing to which every vertex of the trunk must be incident to at least one twig.
To prove that T is a proper g-caterpillar, it suffices to prove that twigs of length ¢+ 1 (if
they exist) are incident to the distinct endpoints of the trunk. For 1 < i < k, let w; be
incident to n; many twigs P!/ (1 <t < n;), and fix 0 < r; < n; where the length of the
path P! is equal to ¢ if r; <t < n; and ¢ + 1 otherwise. Let u! be the pendant vertex of
the twig P/(1 <t < n;). In the resulting tree T', we have the following

q+li—jl+q it r; <t <mn;and r; <s <n,,
d(ut, uS) = (g+1)+l]i—jl+q if1<t<r;andr; <s<nj,
ir Uj q+1i—j|+(@+1) ifr; <t<m;and1<s<ry,

(g+ D) +i—jl+(q+1) ifl<t<randl<s<r,

From the above computation, the endpoints of the path in 7" of length diam(7") must be
wt and w; for some 1 <t < ny and 1 < s < ny. This together with (#4) and (i4¢) dictates
the position of ¢+1-twigs as follows:

0 ifri=r,=0,
mg+1 = § 1 if exactly one of r; or 7 is non-zero,

2 if both r; and 7, are non-zero.

Therefore, the tree T is a proper ¢-caterpillar, and this completes the proof. O

Note. The trunk of the proper g-caterpillar may not coincide with the spine (see Figure
1). However, it is always a subpath of the spine.

Before proceeding to the proof of Theorem 1.1, we revisit the factorization of integer
compositions introduced in [3]. This factorization is instrumental for determining the
isomorphism classes of proper g-caterpillars.

2.2 Monoid of Integer Compositions

Let n € P be a positive integer. An integer composition « of n, denoted by o F n, is
an ordered sequence of positive integers aj as - -+ «, whose sum is n. The integer «; is
called the i*" component of a. The length of the integer composition «, denoted by ¢(«),
is the number of components r in a. Let € denote the set of all integer compositions.



For any two compositions a« = ay g -+ «, and 8 = 8y By - -+ B, their concatenation
is given by
a'ﬁ::aloQ arﬂlBZ 657

whereas the near-concatenation operation is defined as

a@pf = ay - apg (0 + B1)Bo -+ fs.

Let a®? denote the g-fold near-concatenation o ©® a ® - -- ® a, for any positive integer g.
q t?rrnes

The composition of two integer compositions is given by

aof =00 . goez. ... . goar
For example, 21023 = (23 ©®23)-23=25323.

Proposition 2.2 ([3, Proposition 3.3]). (6,0) is a non-commutative monoid with the
integer composition 1 as the identity element.

Let a and S be two integer compositions of n. Then « is said to be a refinement of
f if « is obtained by subdividing some (or no) parts of /3, denoted by o < . In this
case, we also say that [ is a coarsening of a.. For example, 23132 <245. Let (6, =) be
the poset with the refinement order. In [3], Billera, Thomas and Willigenburg defined an
equivalence relation on € based on the refinement of the integer compositions. We con-
sider the polynomial interpretation of that equivalence relation called the £-polynomial
2, 3].

The L-polynomial of an integer composition « is defined as

L(x;a) = Zmlglx@ TG,

Bra

For instance, the L-polynomial of the composition 2212 is xlx% + X1 Tk + 21’%353 +

2xox5 + w314 + 7. Note that the equality of the L-polynomial induces an equivalence

relation on integer compositions. Let [«], denote the equivalence class of o under this

equivalence relation. We recall its description using the unique factorization in (6, o) [3].
A factorization o = € o ) is said to be trivial if one of the following is satisfied:

a) either € or 7 is the identity composition 1,
b) both £ and 7 are of length 1,
c¢) both € and 7 have all parts equal to 1.

An integer composition is said to be irreducible if it admits only trivial factorizations.
A factorization a = myongo---omn, is said to be an irreducible factorization if each integer
composition 7; is irreducible and no 7; o n;41 is a trivial factorization.

Theorem 2.3 ([3, Theorem 3.6]). Every integer composition admits a unique irreducible
factorization.

For an integer composition «, let a* be the integer composition obtained by reversing
a, that is, the i** component of o* is Qp(a)—it1 for 1 < i < Ll(a).
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Theorem 2.4 ([3, Theorem 4.1]). Let o = nyomo---omny be the irreducible factorization
of a. Then

la]lp ={e10e90---0¢e | es=m ore; =n", foralli=1,2,...k},

Example. Consider the integer composition 4 10 4 10 with its irreducible factorization
given by 1 102 50 2. Then the equivalence class

[410410]; ={1102502,1105202} = {4104 10,10 4 10 4}.

2.3 Proof of Theorem 1.1

In Section 2.1, we have established that the chromatic symmetric function of a tree
identifies whether the tree is a proper g¢-caterpillar or not. Our objective now is to
demonstrate that the chromatic symmetric function distinguishes non-isomorphic proper
g-caterpillars. To accomplish this, we associate every proper g-caterpillar with a unique
integer composition such that any two proper g¢-caterpillars are isomorphic if and only
if their corresponding compositions are either the same or reverses of one another. The
proof technique is similar to the proof of distinguishing proper 1-caterpillars [2].

Let ¢ > 2, and T be a proper g-caterpillar. Let (v1,vq, ... v¢) denote the spine of T'. Let
p; represent the number of paths in T of length ¢, starting from a leaf and ending at v;. We
define a composition ¢(T) of length ¢ whose i'" component is ¢-p; +1. Conversely, for any
integer composition o with all components greater than one and congruent to 1 modulo
q, we construct a proper g-caterpillar 7(«) as follows: consider a path with ¢(«) vertices,
which serves as the spine, and glue ‘”q’l new paths of length ¢ to the i*" vertex of the spine.
The mapping ¢ and 7 are inverses of each other. For instance, the proper g-caterpillar
in Figure 1 corresponds to the integer composition ¢+1 2¢+1 g+1 3¢+1 2q+1.

Remark 1. Any two proper q-caterpillars S and T are isomorphic if and only if (S) =
p(T') or p(S) = (T)".

The following lemma, which is a generalization of [2, Proposition 2.5], states that the
L-polynomial of the compositions associated to proper g-caterpillars can be obtained as
an evaluation of the U-polynomial. This, along with (1.3) asserts that the chromatic
symmetric function of a proper g-caterpillar 7" determines the £-polynomial of ¢(T').

Lemma 2.5. Let ¢ > 1. For any proper q-caterpillar T = (V, E) and the composition
©(T) associated to T, we have

Ur(0,0,...,0, 2441, Tgto, ... ) = L(p(T); x). (2.4)
e
q times
Proof. The U-polynomial with x; = 29 = --- = 2, = 0 can be interpreted as the subset-

sum over ' C FE such that each connected component of the induced subgraph T[F]
has order at least ¢ + 1. This implies that such an F' must contain all non-spine edges
(otherwise, the induced subgraph T[F] would contain a connected component of order
at most ¢). Thus every monomial x,jz in Up(0,0,...,0, 2441, Zgq2,...) corresponds to
the subset F’' := F NS, where S is the set of spine edges. Any such subset F’ of
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Integer

Composi- 4 47 8 7 4 11 15
tions

Monomials riT7 T7Xs TaT11 Z15

Table 1: Subgraphs containing all non-spine edges of a proper 3-caterpillar 7(4 4 7),
their corresponding compositions, and the monomials contributed by them.

spine-edges determines a unique coarsening o(7)"" of the composition ¢(T') in the poset
(8, <) obtained as follows: for every maximal path (v;,,v;,, ..., v;, ) induced by the spine
vertices in T[F’], add the corresponding components ¢(T");,, ©(T)i,, -, p(T), to get a
single component of (7). Furthermore, the monomial contributed by the subset F

in Ur(0,0,...,0,2Z441, T2, ...) is same as the monomial contributed by the coarsening
o(T) in L(¢(T);x). (See Table 1 for an example.) Therefore, we have
Ur(0,0,...,0, 2441, Tgt2,...) = Z xar) = L(o(T);x).

FCE
F contains all
non-spine edges

]

The following lemma helps in determining the irreducible factorization of the integer
compositions associated with the proper g-caterpillars.

Lemma 2.6. Let ¢ > 2 and h be positive integers such that q does not divide h. Let
v be an integer composition in which each component is h modulo q, and the greatest
common divisor (ged) of all components is 1. Then either vy is irreducible, or its irreducible
factorization is v = (1) ow, where (1™) denotes the integer composition of length m with
all components equal to 1, for some m > 1.

Proof. We may assume that ~ is not irreducible. We prove using induction on length of
v. Let v = ( oy be a non-trivial factorization of v. We claim that each component of
¢ must be equal to 1. Assume to the contrary that ¢ contains at least one component
greater than 1, and let 4 be the smallest index with the i*" component ¢; > 1. The ged of
all components of 7 being 1 implies that the length of 7 must be at least 2. Since 1 = m;
and Yy(y) = Ne(y), both 7y and 1y, are congruent to ~ modulo g. For k = £(n)-i, consider
the k'™ component of v = ( on. By the given hypotheses, we get v, to be congruent to
h modulo ¢, but the factorization implies

er = (Con), =m + Nym = 2h (mod q).

This is not possible because h is non-zero modulo g. Therefore ¢ must have all the
components equal to 1, that is, v = (1") o 5 for some r > 2. Note that 1 satisfies the
given hypothesis and its length ¢(n) < ¢(~y). Using induction, either 7 is irreducible or its
irreducible factorization is (1°) ow, and consequently, the irreducible factorization of + is
(1I")on or (1")ow, respectively. Thus v admits the required irreducible factorization. [
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Using Lemma 2.6, we can conclude that the proper g-caterpillars are distinguished by
the chromatic symmetric functions up to isomorphism.

Proof of Theorem 1.1. Let ¢ > 2. Let S and T be two proper g-caterpillars with
the same chromatic symmetric function. Lemma 2.5 implies that the L£-polynomial of
©(S) and ¢(T) are equal as well, that is, ¢(S) € [¢(T)]z. Note that it suffices to
prove the equivalence class [o(T)]z = {o(T), o(T)*}, as it would imply ¢(S) = p(T) or
©(S) = o(T)*. This, along with Remark 1 would imply that S is isomorphic to 7. If
the ged of all components of ¢(7T') is 1, then by Lemma 2.6 either ¢(T') is irreducible or
its irreducible factorization is (1) o w. On the other hand, if the ged of all components
is d which is greater than 1, then factorize ¢(T') = ¢ o d. Note that the gcd of all
components of € is 1, and each component is congruent to A modulo ¢, where h is the
least positive integer satisfying d-h = 1 (mod ¢). By Lemma 2.6, either ¢ is irreducible
or its irreducible factorization must be (17) o w for some r > 2. This implies that the
irreducible factorization of ¢(T') is e od or (1") ow o d. In either case, the irreducible
factorization of p(7T) contains at most one non-palindrome composition. This, along with
Theorem 2.4 concludes that [¢(T)]: = {©(T), o(T)"}. This completes the proof. O

3 Concluding remarks and future directions

While Stanley’s Tree Isomorphism Conjecture remains open, our result demonstrates that
the ideas presented in [2] can be extended to a more general class of trees that resemble
proper caterpillars.

Along this line, we call a tree T(V, E) as a generalized caterpillar if the trunk of the
tree forms a path. Further, a generalized proper caterpillar is a generalized caterpillar in
which every vertex of the trunk has degree at least 3. Equivalently, a tree is a generalized
proper caterpillar if and only if it satisfies |T°| = |V| — 01 — d2, where T° represents the
trunk of the tree and ¢; denotes the number of vertices of degree i in T. We believe that
further generalizations of Lemma 2.5 might hold for generalized proper caterpillars. In
particular, we propose the following question:

Question 3.1. Do the U-polynomials of generalized proper caterpillars relate to the L-
polynomials of the associated integer compositions?

For instance, consider a tree 71" obtained from a proper g-caterpillar S by gluing
an additional twig of length ¢ + 1 at i*" vertex of the spine. Let ¢/(T) be the integer
composition obtained from ¢(.9) by replacing the i component (S); with ¢(S);+(q+1).
Then, it can be seen that

Ur(0,0...,0,2441,...) = L(¢(T);x) + 2441 L(0(S); x).
———
q

Observe that the U-polynomial of T is expressed as the sum of the L-polynomials of
©(S) and ¢'(T'). It turns out that in such cases, Theorem 2.4 cannot be applied directly.
Nevertheless, we do believe that distinguishing such trees by U-polynomial is feasible.
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