POLYA’S ENUMERATION

ALEC ZHANG

ABSTRACT. We explore Polya’s theory of counting from first principles, first
building up the necessary algebra and group theory before proving Polya’s
Enumeration Theorem (PET), a fundamental result in enumerative combi-
natorics. We then discuss generalizations of PET, including the work of de
Bruijn, and its broad applicability.
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1. INTRODUCTION

A common mathematical puzzle is finding the number of ways to arrange a necklace
with n differently colored beads. Yet (n — 1)! and w are both valid answers,
since the question has not defined what it means for necklaces to be distinct. The
former counts the number of distinct necklaces up to rotation, while the latter
counts the number of distinct necklaces up to rotation and reflection. Questions
like these become more complex when we consider “distinctness” up to arbitrary
transformations and with objects of more elements and non-standard symmetries.
The search for a general answer leads us to concepts in group theory and symmetry,
and ultimately towards Polya’s enumeration, which we will explore below.
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2. BASIC DEFINITIONS AND PROPERTIES
We start with one of the most basic algebraic structures:

Definition 2.1. Group. A group is a set GG equipped with an operation * satisfying
the properties of associativity, identity, and inverse:

e Associativity: Va,b,c € G, (axb)*xc=ax* (bxc).

e Identity: e € GVa € G, exa=ax*xe =a.

e Inverse: Va € G, Ja ' € Glaxa !l =a lxa=e.

Given group elements g, h in group G, we denote g x h as gh.

Definition 2.2. Subgroup. A subgroup of a group G is a group under the same
operation of G whose elements are all contained in G.

If H is a subgroup of G, we write H < G.

One of the most important groups is the symmetric group .S,,, whose elements are
all permutations of the set {1,...,n}, and whose operation is composition. Indeed,
permutations are associative under composition, there is an identity permutation,
and all permutations have an inverse. Every finite set X also has an implied sym-
metric group Sym(X), which simply involves all permutations of its elements.

Groups can also “act” on sets in the following manner:

Definition 2.3. Group action. Given a group G and a set X, a left group action is
a function ¢ : Gx X — X satisfying the properties of left identity and compatibility:
e Left Identity: For the identity element e € G, for all z € X, ¢(e, z) = x.
e Left Compatibility: For all g,h € G, for all z € X, ¢(gh,z) = ¢(g, d(h, x)).
A right group action is similarly defined as a function ¢ : X x G — X satisfying
right identity and compatibility:
e Right Identity: For the identity element e € G, for all z € X, ¢(x,¢e) = z.
e Right Compatibility: Forallg,h € G, forallaz € X, ¢(z,gh) = ¢(¢(z, g), h).

Group actions will be left group actions unless specified otherwise, but the defini-
tions and properties below apply analogously to right group actions as well. Given
a group element g in a group G, an element x in a set X, and a group action ¢,
we denote ¢(g,x) as gz if ¢ is a left group action and ¢(z, g) as zg if ¢ is a right
group action.

In any group action, the group also acts in a bijective manner on the set:

Proposition 2.4. Given a group action ¢ of group G on a set X, the function
fo:x— ¢(g,x) is bijective for all g € G.

1

Proof. It suffices to find an inverse function. We see that hy :  — ¢~ x is such

an inverse, since
folho(2)) = fo(9™ @) = glg™'w) = (99~ )z ==,

ho(fo(x)) = he(ga) = g7 (ga) = (97 g)a =
by compatibility of the group action. [J

Thus, one may alternatively view the group action as associating a permutation
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pg € Sym(X) with every g € G, where gz for g € G and x € X is determined by
pg(z), the image of x in p,. Formally, a group action ¢ is a homomorphism from G
to Sym(X). If we actually consider G = Sym(X) as our group acting on X, then
G naturally acts on X; that is, for p; € G, ¢(pg,x) = pg(z) is the natural group
action associated with G and X.

Associated with the elements of the set in any group action are two important
notions:

Definition 2.5. Orbit. Given a group action ¢ of a group G on a set X, the orbit
of a set element z € X is

orb(z) =0, ={gr: g€ Gt ={ye X|Fge G :y=gz}.

Definition 2.6. Stabilizer. Given a group action ¢ of a group G on a set X, the
stabilizer of a set element z € X is

stab(z) = Sze = {9 € Glgx = x}.
Using the stabilizer notation, we can similarly define the transformer:

Definition 2.7. Transformer. Given a group action ¢ of a group G on a set X,
the transformer of two set elements z,y € X is

trans(z,y) = Sy = {g € Glgz = y}.
Associated with a group action is the set of orbits, called the quotient:

Definition 2.8. Quotient. Given a group action ¢ of a group G on a set X, the
quotient of ¢ is defined as

X/G={0,: 2z € X}.
As it turns out, the orbits of a set partition it:

Proposition 2.9. For any group action ¢ of a group G on a set X, X/G is a
partition of X.

Proof. It is well-known that equivalence classes of a set partition it. Then it suffices
to show that the relation x~y <= z,y € O, is an equivalence relation. We check
the reflexive, symmetric, and transitive properties:

e Reflexive: For all x € X, x~x since ex = = € O, for the identity element
ee(G.

e Symmetric: For all z,y € X, x~y clearly implies y~zx.

e Transitive: For all z,y,z € X, if x~y and y~z, then z,y,z € O,, so x~z
as well. [J

It is also worth noting that the stabilizer of any element z € X forms a subgroup
of G:

Proposition 2.10. For any group action ¢ of a group G on a set X, Sy, < G for
allz € X.

Proof. Associativity is inherited from the group structure of G. We check the
closure, identity, and inverse properties. For g;,g; € Sy, and z € X:

e Closed: Clearly g;(g;x) = g;x = x. But by the compatibility property of ¢,
we must also have (¢;9;)z = ¢ = ¢,9; € Saa-
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e Identity: The identity e € G is in S, since ex = x.
e Inverse: Consider arbitrary g; € S;,. Since g;x = x, we also have g; 1(giac) =

g; ' = g7 'w = (g9; 'gi)x = ex = x by compatibility of ¢, so g; ! € Sy. O

3. SUPPORTING THEOREMS

3.1. Orbit-Stabilizer Theorem. With our notions of orbits and stabilizers in
hand, we prove the fundamental orbit-stabilizer theorem:

Theorem 3.1. Orbit — Stabilizer Theorem. Given any group action ¢ of a
group G on a set X, for allx € X,

|G| = |S22]|Oxl-
Proof. Let g € G and « € X be arbitrary. We first prove the following lemma:

Lemma 1. For all y € Oy, |Szz| = [Sayl-

Proof. It suffices to show a bijection between Sy, and S;y. Let gi» € Sz and
Gy € Szy- Clearly guygra® = goy® = Y, SO GuyJuz € Sey- In addition, by definition
of Sy, we have g,z = y, so multiplying by g;yl gives us g;ylgwyx = g;yly =
ex = x = g,,/y by compatibility; thus, g;.} € Sy, and so g;,'gay € Saa-

Consider any h € Sgy. Since guygaw € Szy, we may define x : Szo — Szy : Gz —
hgzz. Since g;ylgwy € Spz, we may define ¥ : Sy — Sup @ Gay — h_lggcy7 which is
also an inverse for x:

X (gay)) = X(h ' gay) = hh ™ 50y = gay

V(X(9z2)) = Y(hguz) = h ' hgre = Gae-
Thus x is a bijection and [Syz| = |Szy|. O

By Lemma 1, we have |Sy,| = |S;z| for all y € O,. Now note that the sets
Szy 1y € O, must partition G; this follows from the definition of the orbit and the
fact that the group action is a function.! Thus |G| = |S,||Ox|, as desired. W

3.2. Burnside’s Lemma. We can now calculate the order of the group, the size
of the stabilizer of an arbitrary set element, or the size of that element’s orbit given
the other two quantities. However, one quantity of interest, the number of orbits,
is still in complete question! The following theorem, now attributed to Cauchy in
1845, determines the number of orbits in terms of the order of the group and the
number of fixed elements under the group action:

Theorem 3.2. Burnside’'s Lemma. Given a finite group G, a finite set X, and
a group action ¢ of G on X, the number of distinct orbits is

1
\X/G|=@Z\Xgl,

geG
where X9 = {x € X|gx = x}, the set of elements of X fized by action by g.

I1¢ is important to note the difference between this statement and Proposition 2.9. The propo-
sition states that the different orbits partition the set, whereas here we state that given any one
of those orbits, every group element acting on x gives exactly one element in Oz, and that all
elements in O, are covered.
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Proof. We first note that
Do IX = (g,2) € (G, X) s gz =] = Y |Sual,
geG reX

so we just need to show

X/G Sexz
X/61 = g 3 ISl

zeX

By the Orbit-Stabilizer Theorem, we have that |S,,| = \‘oGzlw so

CPILER DI AR

reX zeX

\ O

Since orbits partition X by Proposition 2.9, we can split up X into disjoint orbits
of X/G. Thus, we can rewrite our sum, where A is an orbit in X:

S e Y Y ¥ 1=

zeX AeX/Gz eA AeX /G

so | X/G| = ﬁerX | X 9], as desired. W

4. PoLYA’S ENUMERATION

4.1. Prerequisites. Polya’s enumeration introduces functions f from a finite set
X to a new finite set Y. Notation-wise, Y X is the set of all functions f: X — Y,
represented as a set of ordered pairs (z;, f(x;)) for x; € X. For instance, if Y is
a set of colors, then f € YX is a coloring of the elements in X, and YX /G is the
number of distinct colorings of X under some group action of G on YX.

From this perspective, an action ¢ of G on X induces a natural group action ¢’ of
G on YX, namely:

¢ (9, f) = ' = Fory' ={(6(9,2), f(x))]x € X}
for f € YX. Indeed, ¢ satisfies identity and compatibility:
ef ={(ex, f(x))lx € X} ={(z, f(z))|x € X} = f,
91(92f) = g1f" = g1 ({(g2, f(@))|x € X}) = {(g1(g22), ['(g22)) = € X}

={(g192)z, f(z)|z € X} = (9192)f-

Throughout this section, we assume an implicit group action ¢ of a group G on a
finite set X of size n, where ¢ is arbitrary. In addition, we assume Y is another finite
set. To state Polya’s Enumeration Theorem, we introduce some more machinery:

Definition 4.1. Type. Let p be a permutation on X. Then the type of p is the set
{b1,...,bn}, where b; is the number of cycles of length 4 in the cycle decomposition
of p.
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Definition 4.2. Cycle index polynomial. The cycle index polynomial Z of the
group action ¢ is defined as 2

1 L
Z¢(J)1, ,.I‘n) = @ Z Hl‘il(g),

geGi=1
where b;(g) is the i'" element of the type of the implied permutation p, € Sym/(X).

Definition 4.3. Function equivalence. Two functions f € Y X are said to be
equivalent under the action of G (f1 ~¢g fe2) if they are in the same orbit of ¢', i.e.
there exists g € G such that fo = gf1.

By the proof of Proposition 2.9, function equivalence is an equivalence relation, so
Y ¥ will have equivalence classes under function equivalence:

Definition 4.4. Configuration. A configuration is an equivalence class of the
equivalence relation ~¢ on YX.

Analogously, we have that every configuration c is just an orbit of ¢/, and that the
set of configurations C is just Y /G under ¢'.

To weight our functions differently, we can assign weights to elements in Y:

Definition 4.5. Weight. Let w : Y — R be a weight assignment to each element
in Y. 3 Then the weight of a function f € YX is defined as

w(f) =[] wf@).
zeX
It follows that all functions in a configuration ¢ have the same common weight,
which we call the weight of the configuration W (c):

Proposition 4.6. All functions in a configuration have the same common weight.

Proof. Consider arbitrary functions fi, fo € YX in configuration C. Since f; ~¢g
f2, there exists g € G such that fi(gx) = fo(z). In addition, from Proposi-
tion 2.4, we know every group element acting on a set permutes it, so W(f) =

[Lex w(f(z) =[I,ex w(f(g9x)) for any g € G. Thus,

W(f) = [[ wh@) =[] wri(gz) = [] w(fo(2)) = W(f2). O

zeX reX rzeX

Definition 4.7. Configuration Generating Function (CGF). Let C be the set
of all configurations c¢. Then the CGF is defined as

F(C) =Y W(o).

ceC

2The standard notation is Zga, but here we use Zy to explicitly show that the cycle index
polynomial not only depends on the algebraic structure of the group G, but also its induced
permutation on X through the group action ¢.

3In general, we may replace R with any commutative ring.
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4.2. Theorem. We are now equipped to tackle Polya’s Enumeration Theorem
(PET). We cover both the unweighted and weighted versions of the theorem; the
first can be proved directly from Burnside’s Lemma:

Theorem 4.8. Polya’s Enumeration Theorem (Unweighted). Let G be a
group and X,Y be finite sets, where | X| = n. Then for any group action ¢ of G on
X, the number of distinct configurations in YX is

1
Cl = i VI,
6l =

where c(g) denotes the number of cycles in the cycle decomposition of py € Sym(X),
the permutation of X associated with the action of g on X.

Proof. Since configurations are orbits of ¢, we have |C| = |[YX /G| under ¢'. We

apply Burnside’s Lemma to the finite set Y X with group action ¢’, which states
that

YX/G| = ﬁ S 1)),

geG

It remains to show that |(YX)9] = |[Y|°9). But any function f € Y will remain
constant under the action of ¢ if and only if all elements in X in each cycle are
assigned the same set element in Y. There are thus |Y| choices of elements in YV
for each of the ¢(g) cycles in the cycle decomposition, and the result follows. B

We now state the weighted version of PET:

Theorem 4.9. Polya’s Enumeration Theorem (Weighted). Let G be a group
and X,Y be finite sets, where | X| =n. Let w be a weight function on'Y. Then for
any group action ¢ of G on X, the CGF is given by

Zo | 3 w), Y w3 wly)”

yey yey yey

Proof. We first prove the following lemma:

Lemma 1. |C] = |—C1;‘ %:GHf e Y¥|(Vz € X)(f(gz) = f(2))}]-

Proof. Let ¢, be the right group action on Y ¥ induced by ¢:

Or: (fr9) = fr=fopg ={(x, f(¢(g,2)))]x € X},

where f € YX and g € G. The result follows by applying Burnside’s Lemma to
Y under ¢/, as in Theorem 4.8. O

We now take ¢’» to be our group action on YX. Let A(w) = {c € C|[W(c) = w}
be the set of all configurations with common weight w. Sgg = {f € YX|f = fg} is
the set of all functions stabilized by g; let Syq(w) = {f € Y¥*|f = fg,W(f) = w}
be the set of all functions stabilized by g with common weight w. Then by Lemma
1, we have

1
[A(w)| = @ > 1Sgg(@)]-

geG
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We can also group our CGF by weights:
06 = W0 = Sl = 5 53 it
ceC w geG
by the above equality. Since our sum is finite, we can switch the order of summation:
‘G|ZZW| 99 |ZZW
geG w ge€G fE€Syy

G permutes X through the group action, so the corresponding permutation p, for
g € G has a cycle decomposition C1, ..., Ck, where k < n. It follows that if f € Sy,
then f(x) = f(g9x) = f(g?z) = ... for all x € X, g € G and f is constant on each
cycle C; in the cycle decomposition. Then we have

S = Y [uten- Y [T et = ¥ [wtrene

f€Sqg feSgqxeX €S54y i=12€C; €844 i=1

where z; € C;. Let |Y| = m. Since we are summing over all f € Sy,, we need to
cover all possible assignments of y € Y to cycles Cj, so our expression becomes

ZW<f>:f[(<y1>'C'+ ) = 3w

fE€Sgq i=1 i=1yeYy

and plugging this into the CGF expression gives us

CGF = |G|Z HZ y)l <l

geG \i=1lyeY

Regardless of cycle length, by definition of the type, there will be b;(g) cycles of
length j, so our expression is

b;(g)

CGF = |G|ZH Z =Zy Zw(y),zw(y)Q,...,zw(y)” N

g9eG j=1 \yeY yey yey yey

Note that setting w(y) = 1 for all y € Y makes W(f) = 1 for all f € YX and gives
us a CGF of Zg(|Y|, ..., |Y]), so the unweighted version of PET immediately follows.

We summarize the concepts in PET with a concrete example:

Example 4.10. Classify the non-isomorphic multigraphs with n = 4 vertices and
with up to m = 2 separate edges between two vertices allowed.

Solution. We first clarify our sets, groups and actions.

e Sets: Let V be the set of vertices {Vi,....,V,}, X be the set of edges
{Elz,E137 ...,E(n,l)(n)} of K, indicating all possible distinct edges, and
Y be the set {yo, ..., Ym}, indicating the number of possible edges between
two vertices; let the weight of y; be w(y;) = w;.

e Groups: We have Sy = Sym(V) associated with V; let Sx|i be the group
of permutations on X induced by Sy . Note that this is not the same as
Sx = Sym(X), since |Sx|v| = n! but [Sx| = (5)!
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e Actions: Let group Sy act on set V with the natural group action ¢y .

Then group Sx|y acts on set X through an induced action ¢, and acts on

set YX through an induced (right) action ¢y as shown in the proof of PET.

SV@V

Sxpy @ X

»

YX

Then Y represents all possible multigraphs, and |Y*/Sy/y| is the number of
multigraphs up to isomorphism. For instance, the multigraph

Vi Va

Vi Vs

is represented by the function f : {Elg, E13, 12147 E23, E24, E34} — {O, 27 1, 1, O, 0}

We first compute the cycle index polynomial Zy.. To do so, we need to deter-
mine the corresponding types to the elements of Sxy. Sy acting on K4 leads to
the following elements in Sy y:

The identity (V1)(V2)(V3)(Va) € Sy leads to the corresponding identity
(E12)(E13)(E14)(Ea3)(E24)(E34) € Sx|v with type {6,0,0,0,0,0}. This
contributes an z$ term to the cycle index.

There are (3) = 6 elements of the form (V,V;)(V.)(V4) € Sy leading to
the corresponding element (Eqp)(Eca)(EocLpe)(Eaalba) € Sx|v with type
{2,2,0,0,0,0}. Each of the 6 elements contributes an x?z3 term to the
cycle index.

4
There are % = 3 elements of the form (V,V4)(V.Vy) € Sy leading to
the corresponding element (Eqp)(Eeca)(Eoclpa)(EadFye) € Sx|v with type
{2,2,0,0,0,0}. Each of the 3 elements contributes an x?z3 term to the
cycle index.
There are (g) x 2 = 8 elements of the form (V,V,V.)(Vy) € Sy (note that
(123)(4) is different from (132)(4)) leading to the corresponding element
(EavEycEac)(EaaEvaEca) € Sx|v with type {0,0,2,0,0,0}. Each of the 8
elements contributes an 22 term to the cycle index.
There are 3! = 6 elements of the form (V,V,V.V;) € Sy leading to the corre-
sponding element (Eup Eye EcaFad)(EacEba) € Sx|v with type {0,1,0,1,0,0}.
Each of the 6 elements contributes an zox4 term to the cycle index.
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Thus, the cycle index is

1
Zg (21,72, 73,74, 25, T6) = ﬂ(x? + 92223 + 823 + 6xo14).

Now the weighted version of PET tells us that the CGF of YX /G is

Zy, Z w(y), ..., Z w(y)® | = Zg, ((wo + w1 + wy), ..., (wf + w + w$))
yey yey

((wo + w1 +ws)® + 9(wo + w1 + we)*(w§ + w} + w3)?

2
+ 8(wf + wi + w3)? + 6(wg + wi + wi)(wj + wi + w3))

6 5 4,2 3,3 2, 4 5 6 5 4
= wy + wywi + 2wywy + Jwywy + 2wgw] + wow; + w; + wywse + 2wowiws
3,2 2,3 4 5 4.2 3 2 2,2 2
+ dwywiws + dwgwiws + 2wewiws + wiws + 2wyw; + dwywiw; + bwgwiw;
3,2 4.2 3,3 2 3 2,3 3,3 2, 4
+ dwowjw; + 2wiw; + 3wyw; + dwywiw; + dwewiw; + 3wiwsy + 2wiw,

4 2,4 5 5 6
+ 2wowiwy + 2wiws + wows + wiw, + wsy.

The CGF then completely classifies the non-isomorphic multigraphs of degree n = 4
with up to m = 2 separate edges between two vertices allowed. For instance, the
term dwjwiwy indicates that there are four non-isomorphic multigraphs with 3
absent edges, 2 edges, and 1 double-edge, namely the multigraphs below:

e N
1N

If we set wg = w; = 1, we = 0, we just get the number of non-isomorphic graphs of
4 vertices:
Z¢’R(2’272’2’2’2) =11.
If we set wy = wy = woe = 1, we get the total number of non-isomorphic multigraphs:
Z¢/R(3,3,3,3,3,3) = 66.

If we set wg = 0,w; = 1,wy = 2, we get the total number of edges among all
non-isomorphic multigraphs:

Zg (142,1+2% .1+ 2% =163

Other quantities of interest may be found by substituting different values for w;. O
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5. EXTENSIONS

Up until now, we have considered a group action ¢ with group G acting on set
X, inducing an action ¢’ on the set YX. However, recall that ¢’ : (g, f) — f' =
{(¢(g,x), f(x))} permutes both X and f(X) through ¢. More generally, we can
permute the set Y independently of ¢; that is, we can consider an action % on
set Y with another group H. We now define a more general equivalence between
functions:

Definition 5.1. Generalized function equivalence. Two functions fi, fo € YX
are equivalent (f1 ~gn f2)if3g € G, h € H such that for allz € X, f1(g9z) = hfa(x).

For this definition to be compatible with our definitions of configuration, CGF, etc.,
~gn must be an equivalence relation. Proving this is left as an exercise to the reader.

Note that our previous proposition that equivalent functions have the same weight
does not necessarily hold with generalized function equivalence; it is a require-
ment on 1. However, assuming that generalized-equivalent functions have the same
weight, we then have analogous results to the ones in section 4:

Theorem 5.2. Generalized PET (Weighted.) Let groups G, H act on the sets
X, Y through the group actions ¢ and 1, respectively. Let w : Y — R be a weight
function for Y. Using generalized function equivalence, the CGF is

1
‘ || ‘ (qh EGXHfGS(g h)
where S(g.p) is the set of functions f € Y™ stabilized by (g,h), i.e. Sign =
{f e Y¥|(Vo € X)(f(g92) = hf(x))}.

Proof. The proof follows exactly the same way as in the proof of PET (Weighted.)
Note that function equivalence can also be written in the following form:

frogn fo = (B(g,h) € G x H)(Vx € X)(h™" fi(gz) = fo(x)).

Then we can define a right group action x of group G x H on set YX in the following
manner:

X(f,(9,h) = h7" fg,
where g € G acts on f € YX through the induced right group action ¢ : (f,g) —

f(;R = {(z, f(#(g,7)))} and h € H acts on f € YX through the induced left group
action ¥' : (h, f) = f, = {(z,¢(h, f(2)))}.

We then have that configurations are the orbits of f € YX under y:
f2 = A{(z, fo(@))} = (g, h) = W™ fig = h ™ ({(=, fu(ga))}) = { (2, A7 fi(g2)) }

< f1~gn fo
Taking x as our group action on Y, we again let

A(w) ={ce C|W(c) = w},

S(gh) {feyxlf(ga ) f,W(f)ZUJ}
By Burnside’s Lemma w1th the group action x, we have

1
Al =g 2 Sem@l

(g,h)EGXxH
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Finally, recall that the CGF can be grouped into weights:

CGF =) W(c)=> wAw)| = ﬁ YD wlSem @)

ceC w (g,h)eGXH

1
“n 2,2 O

g,h)EGXH fES(gJI,)

5.1. De Bruijn’s Theorem. We finally arrive at the problem of counting the
number of orbits, which involves weighting each function (up to generalized equiv-
alence) with the weight 1. Before, we could simply substitute w(y) = 1 to get an
answer of Z,(|Y],...,|Y]). Here, however, we no longer have a concise expression
for the answer in terms of the CGF; we are looking for the quantity

Z(g,h)erH VAS VX flg,h) =[]
|Gl H]| ’

which simply follows from Burnside’s Lemma. We turn to de Bruijn’s theorem:

Theorem 5.3. (de Bruijn.) Let group G act on finite set X through group action
¢, and let group H act on finite set Y through group action . Then the number
of functions up to function equivalence is

o 0 0
Zo( 200 g (S @ gmen )|
¢ (821 0z 0z ) v® c © {z:}=0
Proof. Let bi(g),c;(h) be the types of ¢ € G,h € H, respectively, and let | X| =
n,|Y| = m. For ease of notation, let b;(g) = 0,¢;(h) = 0 for all g € G,h € H if

i > n and j > m, respectively, where i,; are taken over the positive integers Z¥.
We first prove the following lemmas:

Lemma 1. If f € S(y 1), then f(z) =y implies f(g'x) = hiy for all 4.

Proof. Since fg = hf, we have
f9* = (f9)g = (hf)g = h(fg) = h(hf) = h*[.
The result easily follows by induction on :
fo =0 = g = (fg g =h"T fg=hT hf =01 f. O

Lemma 2. If f € S, ), then each cycle Cx in X is mapped by f to a cycle Cy
in Y where |Cy| divides |Cx]|.

Proof. Consider any f € S, ), where fg = hf for some g € G,h € H. Let
x € X belong to cycle Cy ;. of length j. Then we have
Cg,x = {x,gl', ~'~7gj_1x} ’
where g’r = z. By Lemma 1, we have f(g'r) = hif(x) for all positive integers i.
Thus, the image of C, , under f is
f(Cyz) = {f(x), hf(x), R f(x),..., hj’lf(x)} ,

and we have b/ f(z) = f(¢’z) = f(z), so the cycle Cy in Y containing f(z) must
have a length that divides j. O
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Lemma 3. The total number of functions stabilized by (g, h) is

bi(9)

Yo Wi =11 dem

fe€Sg.n) i gl

(Recall that we are setting W(f) = 1.)

Proof. We count the number of functions using the condition in Lemma 2. Let
J € S(g,n)- For each cycle Cy; in the cycle decomposition of p, € Sym(X), pick
an arbitrary element z; € C, ;. Since there are ¢;(h) cycles of length j in the cycle
decomposition of p;, € Sym(Y), and Cy, can only map to cycles whose length
divides its own by Lemma 2, z; can map to y € Y under f in Zj‘ijcj(h) ways.
But note that after the mapping x; — f(x;) has been determined, the rest of the
mappings in Cy; are determined as well, due to the condition in Lemma 1. Thus,
the number of functions is the number of ways to choose mappings for each cycle
in p,; since p, has b;(g) cycles of length ¢, the result follows. O

By Lemma 3, we have

> W) = (ca() - (er(h) + 2¢2(h) 9 - (1 (h) + Bes(h))*9)...
T€Sg.n)

But note that each of the terms of the form a® in this product can be written as

. . . . b
the partial derivative expression %e‘“’ :
z z=0

bi(g) o)
Z]CJ(h) = 4 o) e(zg\ﬂcj(h))zi .
jli 82247' 2;=0

, SO We can write our expression as
{zi}=0

AN o jes .
ST oW = (H(azv)b?’(g)) (s 75 () ()

F€S(g.n) i

More generally, a® = %ea(zi zi)

{z:}=0'
We can also express the exponent solely in terms of j:
o0
o) (£) = (T3
jli i j k=1
Let r; = i, 5; = e9 2k #ki . Then we have

T 0z
1 9 i)
€ > H(az) =2y (s ),

geG i

1 T g ) 1 T eZsdes ) T 2
|| heH A heH

1 jcj 21 1 . e
— ﬁ Z H(eJ i (h) 22k kJ) = ﬁ Z H(eJZk: kg) 5 (h) — Z’L[J(SI,SQ,...).

heH j heH j
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Finally, by Generalized PET, we have

1
CGF =tamm 2 2

(g,h)EGXH fGS(g‘;w

1 9 \bi(o) (51 965 (M) (S, =4)
= —_— — ) gl 4
(| 21l e

geG i heH
o 9 0
= Zy(my oy oy ) Dpe2on @22k 72k @32z .;
¢(3Z17522’323’ JZu(e ¢ ¢ ’ ){zz-}=o

Here is a simple example that highlights the differences between PET and its gen-
eralizations:

Example 5.4. Compute the number of distinct colorings of the vertices of a square
with 3 colors, under the following equivalencies:

e 1. Rotations are not distinct.
e 2. Rotations and reflections are not distinct.
e 3. Rotations, reflections, and color permutations are not distinct.

Solution. The first two cases can be solved using Burnside’s Lemma and PET;
the third case involves generalized PET and de Bruijn’s Theorem. Our sets are
X = {1, V5, V5, V4}, the set of vertices, and Y = {R,G, B}, our three colors.
Let r = (V1V2V3Vy) be a clockwise 90-degree rotation and s = (V1 V2)(V3Vy) be a
reflection across the vertical axis. The corresponding groups for each case are
e 1. G=Cy = {e, r,r2, r3}, the cyclic group on the vertices,

e 2. G=Dy= {e, r,r2,r3, s, sr, sr?, 87"3}, the dihedral group on the vertices,
e 3. G= D4 and H = S3, the symmetric group on the colors,

where the group actions are the natural group actions.

For the sake of demonstration, we solve case 1 and 2 in two different ways. By
Burnside’s Lemma, the answer to the first case is

YX/G| = |ZYX 34+31+32+3):24.
geG

For the second case, we compute the cycle index for the natural group action
¢2: Dy x X — X:

Zg, (21,02, 23,24) = \D | Z H (b:(9)) — (z +x4+$2+x4+x2+x1x2+x2+x1x2)
g€Dy4 i=1

1
= g(x% + 22320 + 3235 4 224).

The number of distinct colorings is then equal to

1

§(34 +2(3%)(3) +3(3%) +2(3)) = 21.

The three coloring-pairs distinct under rotation but not rotation and reflection are
shown below:

Z4,(3,3,3,3) =
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Finally, for the last case, we use de Bruijn’s theorem. We have

1
Z¢(CC171'2,I'3, .'174) = Z(I% + I% + 2$4)

1
Zw({L‘l, 1‘271'3) = 7(.%‘? + 3x129 + 21‘3)7

6
so the number of distinct colorings is equal to
o 0 0 .
_— Y —,...)Z 21 7 22i:1z2i’ 331 23i
¢(621 ’ 622’ 82537 ) d)(e € € ) {(21=0
1,0t &

— ﬂ(@ + 52 + 28%)(63(21-0-224-23-0-24) 4 3errtratastaa 22242z 26323)
1 2 4
1
= ﬂ(3‘1 +(3)+0+3*+(3)(3%)+0+(2)(3) + (2)(3)(3) +0) = 6. O
The 6 distinct colorings are shown below:

o—90 0 ® O ®

{zi}=0

e—0 @ |
o—0 O ®

@ @
® )

e—0 O o0 J

where all of the colorings below are equivalent to one another:

I:I rotation I:I reflection I:Ipcrmumnon (RG]T:I
—_— —_— —_—

6. FURTHER WORK

Multiple generalizations of Polya’s Enumeration Theorem exist, most coming
from the work of de Bruijn, that are not fully addressed in this paper. As more
generalized theorems of PET are developed, the most meaningful work on the
subject may certainly come from clever substitutions or cases of these theorems.
More modern applications of the theorem can be found in the fields of analytic
combinatorics and random permutation statistics, among others.
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